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Individual Assessment 3: Amortization

This is an individual assessment, and, as the name suggests, must be completed individually. Specifi-
cally, you’re not allowed to work with a partner, and you should not discuss these problems with
other students in CS166. However, the course staff are happy to answer clarifying questions on Ed-
Stem (if you do, please post the question privately) or in our office hours.

Due Tuesday, May 4th at 2:30PM Pacific.
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Problem One: Palos Altos
The order of a tree in a Fibonacci heap establishes a lower bound on the number of nodes in that tree (a
tree of order k must have at least Fk+2 nodes in it). Surprisingly, the order of a tree in a Fibonacci heap
does not provide an upper bound on how many nodes are in that tree.

Prove that for any natural numbers k > 0 and m, there’s a sequence of operations that can be performed
on an empty Fibonacci heap that results in the heap containing a tree of order k with at least m nodes (that
is, the tree of order k contains at least m nodes). Illustrate the sequence of operations you get with k = 2
and m = 8 and show the resulting tree. You don’t need to draw out each step, but should provide enough
detail to convince us (and yourself!) that your sequence indeed produces the correct tree.

Problem Two: Stacking the Deque
A deque (double-ended  queue, pronounced “deck”) is a data structure that acts as a hybrid between a
stack and a queue. It represents a sequence of elements and supports the following six operations:

• deque.push_front(x), which adds x to the front of the sequence.
• deque.push_back(x), which adds x to the back of the sequence.
• deque.front(), which returns (but does not remove) the front element of the sequence.
• deque.back(), which returns (but does not remove) the last element of the sequence.
• deque.pop_front(), which removes (but does not return) the front element of the sequence.
• deque.pop_back(), which removes (but does not return) the last element of the sequence.

Your goal in this problem is to a deque using three stacks such that each operation runs in amortized time
O(1), under the assumption that each operation on a stack takes time O(1). You may not use any auxiliary
or helper data structures other than these stacks. You’ll do this in two steps. First, you’ll code up an imple-
mentation of your three-stack queue. Next, you’ll write up an analysis of the three-stack queue to explain
why, indeed, each operation takes amortized time O(1).

i. Copy the starter files for IA3 from myth from

/usr/class/cs166/assignments/a3

to a local directory of your own choosing, then edit ThreeStackDeque.h and .cpp with your so-
lution. Your implementations of  front,  back,  pop_front, and  pop_back should throw excep-
tions of type std::out_of_range if the deque is empty.

In C++, stacks are represented by the type  std::stack<T>, which is defined in the  <stack>
header. The operations on stacks that you’ll need to use are

• stack.size(), which returns the size of the stack;
• stack.empty(), which returns whether the stack is empty;
• stack.push(x), which pushes onto the stack;
• stack.top(), which returns the top element of the stack; and
• stack.pop(), which pops the stack (but does not return the top element).

Make sure your solution compiles without warnings (-Wall -Werror -Wpedantic), runs cleanly
under valgrind, and is commented so beautifully that it could be a museum piece. Note that run-
ning a program under valgrind markedly slows it down, so don’t worry if you’re failing the time
tests when valgrind is engaged.

ii. Give a brief description of your data structure in plain English, the way you’d write up a solution
to a non-coding question. Then, define a potential function Φ and use the potential method to ar-
gue that the amortized cost of each of the six operations on your three-stack deque is O(1).

We’re expecting your amortized analysis to be written up in a manner similar to the formal analy-
ses we did in lecture of the two-stack queue, dynamic array, and B-tree construction algorithm.


